This is the published version of a paper published in Physics of Plasmas.
I. INTRODUCTION
A plasma is non-neutral if its total charge is sufficiently different from null, such that the resulting space charge electrostatic field plays crucial roles in the dynamics of the system. 1 Non-neutral plasmas can occur in natural and laboratory environments. 1, 2 Aside from single-species plasmas, [1] [2] [3] [4] [5] they can be at the edge, or boundary, regions of neutral plasmas in the presence of walls, inertial or external forces, etc.
1,6-9 They can also be formed in evolving systems, such as in the expansion of neutral plasmas, [10] [11] [12] [13] [14] around intense charged-particle beams or laser pulses propagating in gases or plasmas, 15, 16 on the interfaces of materials, 17, 18 in plasmas containing highly charged dust grains, 11, 19, 20 etc. Although a plasma tends to remain charge neutral, 6 nonneutral edge regions are often formed because of the large difference in the electron and ion masses. 1, 6 Also for the same reason, in warm or hot plasmas, the time and space scales of the non-neutral regions are usually small, of the order of the inverse electron plasma frequency and Debye length, respectively. As a result, such edge regions usually do not affect bulk-plasma phenomena unless they are unstable or cause fast particle or energy loss. However, in cold plasmas, the effect of the non-neutral region can often be important or even dominant.
In this paper, we consider the hydrodynamic expansion of the electron and ion fronts of a cold plasma slab containing a quasineutral core bounded on both sides by a layer with only ions. As with most expansions into vacuum, the problem is necessarily fully nonlinear, 21 so that no perturbation analysis can be used.
II. FORMULATION
In view of the symmetry of the slab, we shall assume that the plasma and vacuum are in the half space x > 0. The cold plasma has a center region (0 x x e (0)) with equal numbers of ions and electrons, bounded by an ions-only edge layer (x e (0) x x i (0)) and vacuum (x > x i (0)), as shown in Fig. 1 . We are interested in the evolution of the fronts x i (t) and x e (t) of the cold ion and electron fluids as they expand into the vacuum.
The hydrodynamic conservation equations for the cold fluid plasma are
where n s , v s , q s ¼ 6e, and m s are the density, velocity, charge, and mass, respectively, of the particle species s ¼ i, e, and E is the electrostatic field.
FIG. 1. Sketch of a non-neutral slab consisting of a quasineutral core plasma with equal number of ions and electrons, and an edge layer containing only ions. The electron and ion densities are thus not the same in the core region, which has a net charge separation field. The behavior of the ion front x i (t) and electron front x e (t) is investigated. 
which in view of (1) and the boundary condition ½n s v s x¼0 ¼ 0 can be written as
Furthermore, we have
Similarly, the total momentum 
of the s particles in the slab satisfies
Substitution of (2) and (7) into (9) leads to
III. EQUATIONS FOR THE ELECTRON AND ION FRONTS
We look for solutions of (1)-(3) in the form
where the overhead dot denotes derivative with respect to t. The Ansatz (11) is as expected not unique and its origin is discussed in more detail in Appendix A. Substituting (11) into (4), we get for the densities
where the total number N s0 of s particles is given by
and x s0 ¼ x s (0). One can thus verify that (1) is satisfied.
Inserting (12) into (3), we obtain
which we see is continuous at x ¼ x e (t).
Combining (14), (11), and (3), one obtains the governing equations for x e (t) and x i (t)
Using (13) and the normalization s ¼ tx pi , a e ¼ x e =x e0 , and a i ¼ x i =x i0 , where x pi ¼ ð4pe 2 n i0 =m i Þ 1=2 is the ion plasma frequency, we can rewrite (15) and (16) as
where
Equations (17) and (18) are valid for the electron and ion fronts of neutral as well as non-neutral cold plasma slabs. Together with the initial conditions a e ð0Þ ¼ a i ð0Þ ¼ 1 and _ a e ð0Þ ¼ _ a i ð0Þ ¼ 0, where the overhead dot now denotes derivative with respect to s, they govern the evolution of the ion and electron fronts of the cold plasma slab in terms of the parameters and k. In general, these equations cannot be solved analytically. Since they have no fixed point for any and k, there is also no stationary solution.
IV. MOTION OF AN AVERAGED PLASMA FRONT
From (17) and (18), one can obtain the evolution equation for the weighted-average front a avg ¼ dk 2 a e þ a i of the plasma slab
where n ¼ k ¼ N e0 =N i0 , so that n-1 is a measure of the overall charge imbalance of the plasma slab. We see that the weighted-average front is driven by a constant force proportional to the square of the charge imbalance and jN e0 =N i0 À1j=x pi is the time scale of the expansion. The straightforward solution
is analogous to the parabolic time dependence of an initially stationary object rising under negative gravity. Although the rate of expansion increases indefinitely with s, the particle densities become rapidly very small because of total number conservation.
If we assume initial charge neutrality (n ¼ 1), the averaged front of the plasma slab would remain stationary (recall that we have assumed zero initial velocities for the ion and electron, and therefore the averaged, fronts). However, as we shall see below, oscillations in the fronts can still take place. In contrast, for a one-component plasma, say, of only ions, Eq. (18) reduces to a i :: ¼ 1. Accordingly, a stationary cold ion slab expands linearly in time at the scale of the inverse plasma frequency.
The effect of finite electron-to-ion mass ratio d, a very small quantity, is not obvious in the evolution of the weighted-average plasma front. If we set d ¼ 0 in (20), we obtain the trajectory of the ion front of a plasma slab, with the massless electron fluid frozen to it. This scenario is quite different from that of a hot plasma, where the electrons respond adiabatically to the space charge field and expansion takes place even if the initial plasma slab is neutral and stationary. [10] [11] [12] However, as we shall see, the effect of the small d can still be important, especially at the front of the expanding cold plasma.
V. MOTION OF THE ELECTRON AND ION FRONTS
To see the evolution of the fronts of the ion and electron fluids, we solve the coupled equations (17) and (18) Fig. 2 . One can see that in general, the electron front tends to oscillate prominently. Such surface oscillations, or surface plasma waves, are ubiquitous at the boundaries of plasmas, but they are evanescent in the surface-normal directions and usually weak. [22] [23] [24] However, Fig. 2 shows that in the expansion of a cold plasma slab, the oscillations of the normalized electron front can be of large amplitude and are stably modulated, and, depending of the initial ion and electron densities and the size of the edge ion layer, can be either in front of or behind the ion front (which in the present non-perturbative analysis actually also oscillates, but at very small amplitude and long wave length because of the large ion mass). This is to be expected since the charge separation field at the plasma edge can be large in the edge ion layer, or the initial charge nonneutrality, is large.
The last row in Fig. 2 shows the evolution of neutral (n ¼ 1) plasma slabs. We see that even if the initial electron density is high, but if the overall plasma slab is neutral, both the electron and ion fronts do not expand. However, stable large-amplitude oscillations of the electron front (as mentioned, also the ion front, but extremely weak) can exist. These oscillations can be identified as nonlinear symmetric standing surface waves of the plasma slab. 23 The limit n ¼ 0 corresponds to an extremely thin ðk ! 0Þ central plasma layer, or surface charges. As a result we have a i ðsÞ ¼ 1 þ s 2 =2, and a e ðsÞ can be expressed in terms of a hypergeometric function. Numerical results from solving (17) and (18) for this case are shown in Fig. 3 . We see that both fronts still expand like in the cases shown in Fig. 2 . However, the oscillations in a e are of much longer periods and smaller amplitudes.
VI. DISCUSSIONS
Even though the governing equations (17) and (18) cannot be solved analytically, one can nevertheless obtain a few basic relations that should be helpful for understanding the behavior, and thus the physics, of the numerical results on the slab expansion. From (17), we have a e ¼ a i ð À da e :: Þ, which together with (18) yields   FIG. 2 . Evolution of a i (blue dashed curves) and a e (red solid curves) for different values of and k. Note that in (e) and (f), the cold plasma layer is neutral (n ¼ k ¼ 1) and there is no expansion.
Integrating (21) once, we obtain
where the initial condition _ a s ð0Þ ¼ 0 has been applied. We see that for n 6 ¼ 1, the fronts a e and a i cannot simultaneously reach extremum during the expansion: they always have different critical points. In fact, integration of (22) and using the initial condition _ a e;i ð0Þ ¼ 1 gives
which relates a e ðsÞ and a i ðsÞ. Even though the former can be larger than the latter, its behavior can only weakly affect the latter since d ( 1. Moreover, as already mentioned, the ion front expands mainly parabolically in time and for fully neutral slabs, it remains nearly stationary. These results are consistent with that for the weighted-average front a avg ðsÞ of the expansion considered in Sec. IV.
One can obtain analytical expressions for the slowly varying envelopes of a s ðtÞ by taking the limit da :: e ! 0. Equation (17) then becomes a e ðtÞ ¼ a i ðtÞ. Substituting the latter into (23), one can obtain the parabolic envelopes
and a e t ð Þ ¼ a i t ð Þ;
where the overhead bar denotes the slowly varying envelope of the expansion front a s ðtÞ. Comparing (17) and (18), one can easily demonstrate that a i ðtÞ $ a i ðtÞ, as found in the numerical solutions. As pointed out earlier, Fig. 2 shows that the expansion can be led by either the ion or the electron front. We can observe from the cases shown that a e ! a i for > 1, and vice versa for < 1. That is, whether the expansion is led by the electron or ion front depends on the direction of the initial electric field in the slab. Although this argument is physically reasonable, its rigorous justification turns out to be not obvious. A proof that this conclusion is indeed valid is given in Appendix B. It should also be mentioned that since we have considered only the x ! 0 half space, left-right asymmetric oscillations [22] [23] [24] on the expansion fronts have been precluded.
VII. CONCLUSION
We have considered the evolution of an initially stationary one-dimensional cold plasma slab consisting of a neutral central core bounded on both sides by layers containing only ions. The dynamics of the fronts of the ion and electron fluids are followed. As expected, a cold fully neutral stationary slab does not expand. However, large amplitude surface plasma oscillations can appear on the electron front. In contrast, nonneutral slabs can expand into the vacuum around it. The expansion is initiated by the space charge field in the slab, and also accompanied by large-amplitude surface oscillations of the electron fluid. The evolution of the weighted-average front has in general a parabolic time dependence, on the time scale jN e0 =N i0 À 1jx À1 pi determined by the initial charge imbalance and ion plasma frequency. However, the characteristics of the ion and electron fronts, such as their relative locations and the oscillations, depend on the charge imbalance as well as the thickness of the bounding ion layer. Moreover, although here we have considered uniform electron and ion densities, the relation (A2) in Appendix A does not preclude solutions with nonuniform density and velocity profiles similar to that found for one-component 25 and force-free 26 plasmas. Our findings should be helpful in identifying or interpreting cold-plasma expansion phenomena found in space and laboratory experiments, as well as numerical simulations. [27] [28] [29] [30] [31] [32] [33] [34] Finally, it should be mentioned that the method of analysis used here is similar to the Karman momentum integral method for treating moving boundary layers. 35 Moreover, higher-dimensional solutions, whose base structures have to be found by trial and error, 37, 38 can also exist.
In the Lagrangian frame, using the expression (4) for the total number of particles per unit length in the region 0 x 0 x, where x is the space coordinate, Eq. (1) can be written as
That is, N s (x,t) is constant in the coordinate system moving with the velocity
where instead of N one can also use any function whose convective derivative vanishes (A1). [42] [43] [44] In particular, solutions with nonuniform densities, and therefore velocity profiles, can be expected to exist.
Since in our problem the density n s is spatially uniform, we have @N s =@x ¼ n s and @N s =@t ¼ x _ n. It then follows from (5) that _ n s ¼ À _ x s n s =x s . Substituting these relations into (A2) leads directly to (11) . Similar approaches have been used by Stanyukovich 40 for studying astrophysical oscillations, and Amiranashvili et al. 24 and Dubin 41 for studying nonlinear oscillations in non-neutral oblate and regular spheroidal plasmas.
APPENDIX B: CHAPLYGIN THEOREM
Making use of the mathematical properties of (17) and (18) and a Chaplygin theorem 36 on inequalities, here we consider the observed relation between a e =a i and .
Substituting (23) into (17), we can obtain eða e Þ ¼ 0, where the functional eða e Þ is given by e a e ð Þ ¼ da
::
e À þ a e 1 þ
Since a i ðsÞ > 0, it follows that a i ðsÞ yðsÞ, where yðsÞ ¼ 1 þ dk 2 þ ð1 À kÞ 2 s 2 =2. Replacing a e ðsÞ by the simpler function yðsÞ in (B1), we get
Accordingly, if
then eðyÞ 0, and from the Chaplygin theorem 36 one can conclude that yðtÞ a e , or a i a e . Since d ( 1, the condition (B3) is practically the same as > 1.
For the opposite case < 
from which it follows that a e < a i for < 1. Note that in this case, the fronts a e and a i never cross. A similar result has been obtained for the expansion of collisionless hot Vlasov plasmas. 39 
